ABSTRACT. We prove an existence result for stable vector bundles with arbitrary rank on an algebraic surface, and determine the birational structure of certain moduli space of stable bundles on a rational ruled surface.
Introduction
Let M L (r; c 1 ; c 2 ) be the moduli space of L-stable (in the sense of Mumford-Takemoto) rank-r vector bundles with Chern classes c 1 and c 2 on an algebraic surface X. The nonemptiness of M L (2; 0; c 2 ) has been studied by Taubes 22] , Gieseker 9 ], Artamkin 1], Friedman 8] , Jun Li, etc. The generic smoothness of M L (2; c 1 ; c 2 ) has been proved by Donaldson 6] , Friedman 8] and Zuo 23] . For an arbitrary r and c 1 , Maruyama 17] proved that for any integer s, there exists an integer c 2 with c 2 s such that M L (r; c 1 ; c 2 ) is nonempty; however, no explicit formula for the lower bound of c 2 was
given. Using deformation theory on torsion-free sheaves, Artamkin 1] showed that if In the rst part of this paper, we determine the nonemptiness of M L (r; c 1 ; c 2 ) in the most general form, and show that at least one of the components of moduli space is generically smooth. Using an explicit construction, we show the following. and on a ruled surface ( 3, 14, 13, 4, 5, 8, 16, 21] ), and for stable bundles with arbitrary rank on P 2 ( 15, 18, 7, 1] ). In the rest of this paper, we study the structure of M L (r; c 1 ; c 2 ) for a suitable ample divisor L on a ruled surface X. In section 3, we prove that M L (r; c 1 ; c 2 ) is empty if (c 1 f) is not divisible by r, and that M L (r; tf; c 2 ) is nonempty if ?r < t 0 and c 2 2(r ? 1); moreover, we show that the restriction of any bundle in M L (r; tf; c 2 ) to the generic ber of the ruling must be trivial.
In section 4, we assume that X is a rational ruled surface, and verify that a generic where ff 1 ; : : : ; f c 2 g are distinct bers with i being the natural embedding f i , ! X, and the integer n i is de ned inductively by (4.20 which is known to be irreducible 15, 7] is unirational. In fact, we shall show that any irreducible component of a nonempty moduli space on a rational surface is unirational, and determine the irreducibility and rationality in rank-3 case. Details will appear elsewhere.
Notations and conventions X stands for an algebraic surface over the complex number eld C. The stability of a vector bundle is in the sense of Mumford-Takemoto. Furthermore, we make no distinction between a vector bundle and its associated locally free sheaf. K X =: the canonical divisor of X; p g =: h 0 (X; O X (K X )), the geometric genus of X;
(Z) =: the length of the 0-cycle Z on X; Hilb`(X) =: the Hilbert scheme parametrizing all 0-cycles of length-`on X; r =: an integer larger than one; L (V ) =: c 1 (V ) L=rank(V ) where L is an ample divisor on X and V is a torsion-free sheaf on X.
ad(V ) =: ker(Tr: End(V ) ! O X ). Then, End(V ) = ad(V ) O X .
x] =: the integer part of the number x.
When X is a ruled surface, we also x the following notations.
=: a ruling from X to an algebraic curve C; f =: a ber to the ruling ; =: a section to such that 2 is the least; 
In the following, we study the existence of a bundle V sitting in an extension Let L be a very ample divisor on X, and let V be a rank-r bundle. Note that
Thus, by tensoring some line bundle to V , we may assume that ?rL The above two lemmas will be used to construct a rank-r bundle while the following lemma will be used to show the L-stability of that bundle. 
Note that c 1 (V ) = c 1 and that since Z is nonempty, the extension (2.7) is nontrivial.
L-Stability of the vector bundle V
In the following, we show the L-stability of the bundle V constructed above.
Lemma 2.8. The rank-r bundle V in (2.7) is L-stable.
Proof. Let U be a proper sub-vector bundle of V such that the quotient V=U is torsion free. Let U 2 be the image of U in W , and let U 1 be the kernel of the surjection U ! U 2 ! 0. Then, we have a commutative diagram of morphisms:
where r 2 is the rank of U 2 . Thus, c 1 (U 2 ) = r 2 L ? E 2 for some e ective divisor E 2 , and 
In the next lemma, we are going to prove that h where Id V is the identity morphism in End(V ). Thus, ( ? Id V ) = 0. Applying Hom( ; V O X (K X )) to (2.10), we get an exact sequence:
From (i), we conclude that ( ? Id V ) = 0. Since 0 = Tr( ) = , = 0. Hence, We want to show that the restriction of the stable bundle V to the generic ber is trivial. To start with, we prove the following technical lemma. r(g C + jc 2 j): So c 1 (U 1 ) L r L ? 2jej ? r(g C + jc 2 j) 0 by our assumption about r L ; but this contradicts with the stability of V . Therefore, E is supported in the bers of the ruling, and U sits in the desired exact sequence; moreover, c 2 (U 1 ) c 2 (U) c 2 . Note that c 1 (U 1 ) = ?(a + n)f and that (a + n) (a + k) (r ? s + 1)(g C + jc 2 j). By We notice that the ample divisor L in Theorem 3.5 depends on the integer c 2 (that is, the condition (3.3) ). However, in our existence result Theorem 2.12, the integer c 2 has to be bigger than some constant depending on L. Thus, Theorem 2.12 can not apply to the present situation to guarantee the nonemptiness of the moduli space M L (r; tf; c 2 ). The following result deals with this problem. where i = r; : : : ; 2, V r = V , and V i is a torsion-free rank-i sheaf such that (i) (V i ) = O P 1(?n i ) j i O P 1(?n i;1 ) : : : O P 1(?n i;i?j i ) with n i < n i;k ;
Proof. By Theorem 3.5, V j P 1 K = O r P 1 K . Now, the exact sequences (4.7) and the properties (i) and (ii) follow from induction and Lemma 4.2 (iii). Note that
Therefore, the properties (iii) and (iv) follow from Lemma 4.2 (i) and (ii).
The number of moduli of V i and V i
In this subsection, we estimate the number of moduli of V i and V i . These estimations will be used in the next subsection to study generic bundles in the moduli space M L (r; tf; c 2 ) where L satis es the condition (3.3) and ?r < t 0. To begin with, we collect some properties satis ed by the sheaf V i . . In fact, this approach has been used very successfully by Friedman 8 ] to study stable rank-2 bundles on an arbitrary ruled surface. However, Therefore, M L (r; tf; c 2 ) is irreducible and unirational.
(ii) This is the same as Proposition 4.18.
(iii) Since O X (?n r f) , ! V and V is L-stable, ?n r f L < tf L=r 0; thus, n r 1. Since n r = (c 2 ? t)=r] (c 2 ? t)=r, we get (c 2 ? t) r. 
